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JEFFREY-KIRWAN-WITTEN LOCALIZATION FORMULA
FOR REDUCTIONS AT REGULAR CO-ADJOINT ORBITS
DO NGOC DIEP
Abstract. For Marsden-Weinstein reduction at the point 0 in g∗, the
well-known Jeffrey-Kirwan-Witten localization formula was proven and
then by M. Vergne modified. We prove in this paper the same kind for-
mula for the reduction at regular co-adjoint orbits by using the universal
orbital formula of characters.
1. Introduction and Statement of Results
Let (M,σ) be a symplectic manifold, G a compact Lie group acting onM
by an Hamiltonian action, g = Lie(G) its Lie algebra and g∗ = HomR(g,R).
It is well-known the co-adjoint action of G on g∗. Let us consider the
moment map µ :M → g∗ defined by the following formula
〈µ(m), X〉 = fX(m),
where by definition fX is the function such that ı(XM)σ = dfX and XM is
the Hamiltonian field defined by the action of Lie group G on M
XM(m) :=
d
dt
|t=0 exp(−tX)m.
Let us consider a co-adjoint orbit O ∈ g∗/G. Recall that µ−1(O) −→
O ⊂ g∗ is a principal bundle with the structural group G. The quotient
MOred := G \ µ
−1(O) is known as the Marsden-Weinstein reduction of the
symplectic manifold (M,σ) at the orbit O with respect to the moment map
µ. Let us consider some 1-form µ(X) on M ,defined by
µ(X)(m) := 〈µ(m), X〉.
One defines also an extended differential form σg := µ(X) + σ and denotes
the horizontal component of this form on MOred by σ
O
red.
Assume that some open tubular neighborhood MO0 of the orbit O is con-
tained in the set of regular values of the moment maps. This is equivalent
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also to the assumption that the action of G on MO0 is free. Let us consider
the function
µO := min
λ∈O
‖µ(X)− λ‖g∗ = distg∗(µ(X),O).
Following Witten, we consider also the form 1
2
‖µO‖
2, which is a G-invariant
function. Choose onM an G-invariant metrics (., .). Denote by HO the cor-
responding Hamiltonian field, i.e. the symplectic gradient sgrad(1
2
‖µO‖
2)
and by λMO(.) := (HO, .) the corresponding G-equivariant differential 1-
form. If α is some G-equivariant differential form, let us denote its hori-
zontal component by αOred and refer to it as its reduction on M
O
red. Con-
sider G-equivariant differential form of type eiσg(X)β(X), where β(X) is
closed G-invariant differential form depending polynomially on X ∈ g,
αOred = e
iσO
redβOred. Denote dX = d − ı(XM) the differential on G-equivariant
differential forms. We decompose the manifold M into a union M =
MO0 ∪ (M \M
O
0 ).
For each t ∈ R, X ∈ g, consider the generalized function Θ(M, t) given
by the integral
Θ(M, t)(X) :=
∫
M
e−itdXλ
MOα(X).
Theorem 1.1 (Main Result). For every closed G-equivariant differential
form α, there exist limits in sense of the theory of generalized functions
ΘO0 := limt→∞
Θ(MO0 , t),
ΘOout := limt→∞
Θ(M \MO0 , t)
and one has a decomposition of the integral
∫
M α into their sum∫
M
α = ΘO0 +Θ
O
out
also in the sense of generalized functions. For each test function Φ, the first
summand can be written as∫
g
ΘO0 (X)Φ(X)dX = (2pii)
dimG
∫
PO
αOredΦ(Ω) ∧ volω .
This term can be also expressed by the Kirillov orbital formula for characters∫
g
ΘO0 (X)Φ(X)dX =
(2pii)n
∫
MO
red
αOred
∫
g∗/G
dP (O)
∫
O
e−i(Ω,ξ)(
∫
g
ei〈ξ,X〉J−1/2g (X)Φ(X)dX)dβO(ξ) volω,
where βO(ξ) is the Liouville measure on the co-adjoint orbit, J
−1/2
g (X) :=(
det
(
sinh(adX/2)
adX/2
))
is the Kirillov factor for its universal character formula
and dP (O) is the Planchere`l measure.
Remark 1.2. The expression of the double integral inside the last formula is
just the Kirillov universal formula for characters of unitary representations
corresponding to the co-adjoint orbit O.
Remark 1.3. The outer term is some integral over MOout and is given by
integral also
ΘOout(X) =
∫
MO∪CO
e−idX λ˜
MOα(X).
These results play some important role in the Witten intersection theory
of cohomology of G-equivariant differential forms.
Witten conjectured the following formula
Conjecture 1.4.∫
g
ΘO0 (X)Φ(X)dX = (2pii)
dimG vol(G)
∫
MO
red
αOredW (Φ),
where W : C∞(g)G → H∗(MOred) is the Chern-Weil homomorphism, associ-
ated to the principal fibration µ−1(O)→MOred.
Remark 1.5. The localization formula and, in particular, this conjecture
were proved for G = S1 by Kalkman [4] and Wu [7], for general G and
O = {0} by Jeffrey, Kirwan [3] and then modified by M. Vergne [6]. We
prove this formula by using the universal orbital formula for characters by
Kirillov [5].
2. Proof of Theorem 1.1
2.1. Local Fourier Transform. Let us recall the main moments in Vergne’s
modification for Jeffrey-Kirwan-Witten localization theorem. Recall that
the group G acts on M by a Hamiltonian action. For X ∈ g, ξ ∈ g∗ and
Φ ∈ C∞(g), one has the Fourier transform
F(Φ)(ξ) := (2pi)dimG
∫
g
Φ(X)e−i〈ξ,X〉dX
and by the well-known inverse Fourier transform, we have
Φ(X) =
∫
g∗
ei〈ξ,X〉F(Φ)(ξ)dξ.
We can identify each element P from the symmetric algebra S(g∗) with a
polynomial function on g, X → P (X) and also with a differential operator
P (∂ξ) on g
∗, defined by the property
P (∂ξ)(e
〈ξ,X〉) = P (X)e〈ξ,X〉.
Similarly, we can identify the symmetric algebra S(g), either with the alge-
bra of polynomial functions on g∗ or with the algebra of differential operators
on g. In particular, to X ∈ g corresponds the Hamiltonian vector field XM
on M .
Consider the algebraA∞G (g,M) := C
∞(g,A(M))G of smoothG-equivariant
functions α, X ∈ g 7→ α(X). We refer to A∞G (M) as the space of smooth
G-equivariant differential forms on M , i.e.
α(g.X)(g.m) ≡ α(X)(m), ∀X ∈ g.
In particular, our moment maps µ : M → g∗ defines the function µ(X),
µ(X)(m) := fX(m), X ∈ g as an element of A(g, C
∞(M)), C∞(M) =
A0(M).
One defines G-equivariant co-boundary operator
dg : A
∞
G (g,M)→ A
∞+1
G (g,M)
by the formula
dgα(X) = d(α(X))− ı(XM)α(X),
where the second term is the contraction of Hamiltonian vector field XM
with the differential form α(X). It is easy to check that
dgα(X) = d
2
gα(X)− ı(XM)dα(X)− dı(XM)α(X) + ı(XM)ı(XM)α(X).
The first and the last terms are 0 in virtue of properties of differential forms
α(X). The sum of two remain terms gives us the Lie covariant derivative
LieXM α(X) of α(X) along the vector field XM , which vanishes because α
is G-equivariant.
One denotes also
dX := d− ı(XM ).
One has therefore a complex G-equivariant differential forms
0 −−−→ R −−−→ A0G(M)
dg
−−−→ A1G(M)
dg
−−−→ . . .
It is easy to see that d2g = 0 and one defines the G-equivariant cohomology
as the cohomology of this complex
H∞G (g,M) = Ker dg/ Im dg.
Suppose that M is oriented and α ∈ A∞G (g,M) such that ∀X ∈ g,
suppα(X) is contained in a compact. One defines then∫
M
α(X) =
∫
M
α(X)[n].
if n = dimM and α(X) is decomposed into a sum
α(X) = α(X)[0] + α(X)[1] + · · ·+ α(X)[n]
of homogeneous differential forms α(X)[i] of degree i.
This means that one has a map∫
M
: AG(g,M)→ C
∞(g)G.
Suppose that our manifoldM is closed, ∂M = ∅. Then because ı(XM)α(X)
is of degree in −1 lower and dα(X) is of degree in +1 upper than the degree
of α(X), we have∫
M
dgα(X) =
∫
M
(dα(X)− ı(XM)α(X)) =
∫
M
dα(X) =
∫
∂M
α(X) = 0.
Thus we obtain a well-defined map∫
M
: H∞G (g,M)→ C
∞(g)G.
Let us consider the case where M = g∗. In this case we have element
ξ ∈ A∞G (g, g
∗), defined as X 7→ (ξ,X) and if U is an open subset of g∗
and β ∈ A∞G (g, U), we can consider the form α(X) := e
i(ξ,X)β(X) and its
differential
(dgα)(X) = e
i(ξ,X)(i(dξ,X) + (dgβ)(X))),
where dξ =
∑
dξie∗i , if X =
∑
xie
i in a basis E1, . . . , En of g and ξ =
∑
ξiE∗i
in the corresponding dual basis basis E∗1 , . . . , E
∗
n of g
∗. If β ∈ ApolG (g, U) is
a polynomial function on X , then dgα(X) = e
i(ξ,X)γ(X), where γ polyno-
mially depend on X . We can therefore consider the sub-complex
AFG(g, U) := {α(X) = e
i(ξ,X)β(X); β ∈ ApolG (g, V )}
and its cohomology is denoted as HFG(g, U). Choose an orientation on g
∗,
we have ∫
g∗
α(X) =
∫
g∗
α(X)[n],
if for example, α(X) is a rapidly decreasing C∞-functions on g∗. The result
is also a rapidly decreasing C∞-function on g. We can therefore define also
its Fourier transform. Suppose that
α(X)[n] =
∑
Pa(X)αa(ξ)dξ,
where Pa ∈ S(g∗), αa(ξ) ∈ C
∞(g∗). Then we have a formula
F(
∫
g∗
α) = (
∑
Pa(i∂ξ)αa(ξ))dξ.
M. Vergne defined the local Fourier transform as the generalized function
V (α) = (
∑
Pa(i∂ξ)αa(ξ))dξ.
It was proven that if β ∈ AFG(g, V ), then V (dgβ) = 0. The local Fourier
transform is defined indeed on the cohomology groups
V : HFG(g, U)→ A
n(U)G.
Let us consider the moment map µ :M → g∗. For each element m ∈M ,
µ(m) is a function on g∗, (µ(m), X) = fX(m) and for each X , one has a
function (µ(.), X) on M . Thus one can define the function X 7→ ei(µ,X) ∈
A∞G (g,M) and for all β ∈ A
pol
G (g,M), α(X) = e
i(µ,X)β(X) ∈ A∞G (g,M).
The subspaces
AµG(g,M) := {α(X) = e
i(µ,X)β(X); β ∈ ApolG (g,M)}
is stable under dg. We have therefore a sub-complex (A
µ
G(g,M), dg) and the
corresponding cohomology is denoted by HpolG (g,M).
Theorem 2.1 ([6]). Assume that the manifold M is oriented and U is a
G-invariant open set containing in the set of regular values of the moment
map µ. Let α ∈ AµG(g,M). Then over U one has
F(
∫
M
α) = V (µ∗α),
where µ∗α is the push-forward of α. If α is closed, F(
∫
M α) depend only on
the cohomology class of α in HµG(g, µ
−1(U)). Thus for α ∈ HµG(g, µ
−1(U)),
in order to determine F(
∫
M α) near a regular value F of µ, we need only
to determine the class of α in HµG(g, µ
−1(U)), where U is a G-invariant tub
ular open neighborhood of the orbit O of F .
Let us consider also push-forward µ∗((ωa)[dimM ]), which is a Radon mea-
sure. We have by definition, ∫
M
ω =
∫
g∗
µ∗ω.
One has also
(
∫
M
α)(X) =
∑
a
Pa(X)
∫
g∗
ei(µ,X)µ∗((ωa)[dimM ])
and
F(
∫
M
α) =
∑
a
Pa(i∂ξ)(µ∗(ωa)[dimM ]) = V (µ∗α).
From these, one has a result
Theorem 2.2 (Berline-M. Vergne [6], 1982). Let T ⊂ G be a maximal torus
of G and MT is the sub-manifold of fixed point under the action of the torus
T , then
∫
M α depend only on the restriction α|MT .
Let us now deduce an explicit formula for V µ∗ near the point F ∈ O ⊂ g
∗
Suppose that the action of G on µ−1(O) is locally free. Choose a G-invariant
Euclidean norm ‖.‖ on g and U a G-invariant open ball centered at F ∈ g∗,
NO := PO ×G U is a fibration over N
O
red := G \ P
O. The map µ : NO → U
is the projection on the second component. Let us consider a form α ∈
AµG(g, N
O), the restriction α|PO is G-equivariant. Choose an orientation in
PO = µ−1(O) and a basis E1, E2, . . . , En of g and the corresponding dual
basis E∗1 , E
∗
2 , . . . , E
∗
n of g
∗. Choose a connection, i.e. a trivialization by
open covering of the base NOG . Let us write ω a connection on the fibration
PO → G \ PO,
ω =
∑
ωkEk,
and
Ω = curv(ω) =
∑
ΩkEk
the curvature of ω with values in g. It is not hard to see that q∗ : H∞G (g, P
O) ∼=
H∗(G \ PO). If Φ is a polynomial function on g then Φ(Ω is a differential
form on PO. Because α(X) is G-equivariant, then α(Ω) is a form on PO
and if α is closed G-equivariant, the horizontal component αred := h(α(Ω))
is a closed differential form on NOred. The map α 7→ αred is just the inverse
map
(q∗)−1 : H∞G (g, P
O)→ H∗DR(G \ P
O).
one denote also (Ω, ξ) =
∑
Ωkξk on P
O and volOω = ω1 ∧ · · · ∧ ωn be the
vertical form on PO of degree n = dimG. Let us denote also by coordinates
dX = dx1 ∧ dx2 ∧ · · · ∧ dxn
the volume form then E∗1 ∧ E1 ∧ · · · ∧ E
∗
n ∧ En = dX ∧ dξ, where dξ =
(−1)n(n+1)/2dξ1 ∧ dξ2 · · · ∧ dξn.
Theorem 2.3 ([6]). If PO is oriented with free G-action then for all Φ ∈
S(g∗)G, one has
((V µ∗α)/dξ,Φ) = i
n
∫
PO
αOredΦ(−iΩ) volω = i
n vol(G)
∫
NO
red
αOredΦ(−iΩ).
Theorem 2.4 (Jeffrey-Kirwan[3]). For α ∈ AµG(g,M),
F(
∫
M
α) = in
∫
PO
αrede
−i(ξ,Ω) volω .
Witten defined the integral
Z(ε) =
∫
M
∫
g
eiσg(X)β(X)e−
ε‖X‖2
2 dX.
Theorem 2.5 (Witten[6],[3]). Let (M,σ, µ)be a symplectic manifold with a
Hamiltonian action of G, O a co-adjoint orbit of G in g∗, µO : µ
−1(O) →
MOred = G\µ
−1(O), R the smallest critical value of ‖µO‖
2, r < R. Then for
each closed G-equivariant polynomially depend on X, there exists a constant
C such that
Z(ε) = (2pii)dimG
∫
MO
red
eiσredβrede
ε|Ω|2
2 +N(ε),
where
|N(ε| ≤ Ce−r/2ε, ∀ε > 0.
2.2. Kirillov Universal Character Formula. Let us describe in this
section the well-known Kirillov orbital formula for characters of representa-
tions.
Theorem 2.6 (Liouville Measure).∫
MF
ΦdβF =
∏
α∈PF
〈F, iHα〉
2pi
∫
G/GF
Φ(gF )dg¯,
where dg¯ is the quasi-invariant measure on the co-adjoint orbit O = GF \G.
The theorem what follows describes the image of the Fourier transform
of Liouville measure.
Theorem 2.7 (Harish-Chandra, see [1], Theorem 7.24 and Corollary 7.25).
Given λ ∈ t∗, let Wλ = {w ∈ W |wλ = λ} be the stabilizer of λ in the Weyl
group W . For X ∈ t, X regular, the Fourier transform
FMλ(X) =
∫
Mλ
eif(X)dβλ(f)
is given by the formula
FMλ(X) =
∑
W/Wλ
ei〈wλ,X〉∏
α∈Pλ〈wα,X〉
.
If Mλ is a regular orbit of the co-adjoint representation, then for X ∈ t,
X regular,
FMλ(X) =
∏
α∈Pλ
〈α,X〉−1
∑
w∈W
ε(w)ei〈wλ,X〉.
Let us recall that if G is a connected compact Lie group, we denote by
T ⊂ G a fixed maximal torus in G,
LT := {X ∈ t|e
X = 1}
the lattice of co-roots,
L∗T = {λ ∈ t
∗|λ(X) ∈ 2piZ, ∀X ∈ LT} ⊂ t
∗
the root lattice. One fixes some basis in this lattice and every element from
lattice can be expressed as linear combination with integral coefficients. One
fixes a system P of positive roots in ∆. Let us denote by ρ the half-sum of
positive roots and
XG := iρ+ L
∗
T .
E. Cartan described the irreducible finite dimensional representations of G
and H. Weyl described the characters of irreducible representations: There
is a bijective correspondence between regular elements λ ∈ XG and the
irreducible representations, denoted by Tλ. Weyl character formula is
Tr(Tλ(e
X)) =
∑
w∈W ε(w)e
i〈wλ,X〉∏
α∈Pλ(e
〈α,X〉/2 − e−〈α,X〉/2)
,
Let us consider the function
Jg(X) := det
(
sinh(adX)/2
adX/2
)
.
Then for all X ∈ t,
Jg(X) =
∏
α∈∆
e〈α,X〉/2 − e−〈α,X〉/2
〈α,X〉
= (
∏
α∈∆
e〈α,X〉/2 − e−〈α,X〉/2
〈α,X〉
)2.
Theorem 2.8 (Chevalley’s Theorem, see [1], Thm. 7.28). There are isomor-
phisms between G-invariants and W -invariants:
C∞(t)W ∼= C∞(g)G,
Cω(t)W ∼= Cω(g)G,
C[t]W ∼= C[g]G.
The main reason for these isomorphisms is the correspondence Φ 7→ c(Φ),
where
c(Φ) =
1
|W |
∫
G
(∂w(pig/tΦ)(pr(g.X))dg,
where ∂w :=
∏
α∈P 〈ρ, α〉
−1∏
α∈P ∂iHα , pig/t(X) :=
∏
α∈P iα(X) ∈ C[t].
From this theorem, it is easy to see that there is a unique function
J1/2g (X) :=
∏
α∈P
sinh〈α,X〉/2
〈α,X〉/2
such that
J1/2g (X) Tr(Tλ(e
X)) =
∑
〈α,X〉−1
∑
w∈W
ε(w)ei〈wλ,X〉
= FMλ(X) =
∫
Mλ
eif(X)dβλ(f).
The same formula for semi-simple Lie groups was obtained by Rossman:
Theorem 2.9 (see [1], Theorem 7.29). Let M be a closed co-adjoint or-
bit of a real semi-simple Lie group G with non-empty discrete series, i.e.
rank(G) = rank(K) and let W = W (kC, tC) be the compact Weyl group.
Then for regular element X ∈ tr, we have the following results:
1. If M ∩ t∗ = ∅, then FM (X) = 0.
2. If M = G.λ with λ ∈ t∗, and Wλ is the subgroup of W stabilizing λ,
then
FMλ(X) = (−1)
n(λ)
∑
W/Wλ
ei〈wλ,X〉∏
α∈Pλ〈wα,X〉
.
2.3. Witten Type Localization Theorem. Let (M,σ, µ) be a compact
symplectic manifold with a Hamiltonian action of compact Lie group G.
Let us assume that the co-adjoint orbit O is contained in the set of regular
values of µ. Assume that the action of G is free in PO = µ1(O). Let us
denote ω a connection form on PO with curvature Ω. We consider the so
called Marsden-Weinstein reduction MOred := G \ P
O of M . We denote αOred
the de Rham cohomology class (α|PO)red on M
O
red determined by α|PO . In
particular (σOg )red is the symplectic form σ
O
red on M
O
red.
Let us consider the function µO := minλ∈O ‖µ(x)− λ‖, the distance from
µ(X) to the co-adjoint orbitO. Following Witten, we introduce the function
1
2
‖µO‖
2 and its Hamiltonian field HO. This is an invariant vector field on
MO. Choose a G-invariant metric (., .) on MO and put λ
MO := (HO, .).
Then λMO is a G-invariant 1-from on MO. Let R be the smallest critical
value of the function ‖µO‖
2. Let r < R and let
MO0 = {x ∈ M ; ‖µO(x)‖
2 < r}, MOout = {x ∈M ; ‖µO(x)‖
2 > r}.
Let α(X) be a closed G-invariant differential form on M . Let us consider
Θ(M, t) =
∫
M
eitdXλ
M
α(X),
which is independent of t in virtue that α is a closed form and eitdXλ
M
congruent to 1 in cohomology. Let us consider the integrals
Θ(MO0 , t) =
∫
MO
0
eitdXλ
M
α(X),
Θ(MOout, t) =
∫
MO
out
eitdXλ
M
α(X).
Then the values Θ(MO0 , t)(X) and Θ(M
O
out, t)(X) C
∞-smoothly depend on
X ∈ g.
Theorem 2.10. For every t ∈ R and X ∈ g, there is a decomposition(∫
M
e−itdXλ
M
α
)
(X) = Θ(MO0 , t)(X) + Θ(M
O
out, t)(X).
There exist the limits ΘO0 = limt→∞Θ(M
O
0 , t) and Θ
O
out = limt→∞Θ(M
O
out, t)
in the sense of distributions such that∫
g
(∫
M
α
)
(X)Φ(X)dX =
∫
g
ΘO0 (X)Φ(X)dX +
∫
g
ΘOout(X)Φ(X)dX,
for every test function Φ, where∫
g
ΘO0 (X)Φ(X)dX = (2pii)
dimG
∫
PO
αOredΦ(Ω) ∧ volω .
Proof. The proof is the same as in the note of M. Vergne [6] with change
everywhere M0, Mout, . . . , µ, . . . by M
O
0 , M
O
out, . . . , µ
O, . . . We need :
• to prove the existence of limit Θ0 = limt→0Θ(M0, t) in the sense of
generalized functions and
• to compute it.
Let us start now to do this. Let E1, . . . , En be a basis of g, such that
E1, . . . , Ek is a basis of a stabilizer gF = O
⊥ in g. This means that
µO =
n∑
i=k
µ(Ei)Ei
and
1
2
‖µO‖
2 =
n∑
i=k
µ(Ei)µ(Ei) =
n∑
i=k
µ(Ei)ı((Ei)M)σ.
One deduces easily that
λMO = (HO, .) =
m∑
i=1
µ(Ei)ω
i
M ,
where ωiM = ((Ei)M , .) and ωM =
∑m
i=1 ω
i
MEi. We have therefore
λMO = (ωOM , µO).
On MO0 the action of G is locally free. Thus we an choose on M
O
0 a metric
(., .) such that ((Ei)M , (Ej)M) = δij on M
O
0 . One has hence
ωM(XM) = X, ∀X ∈ g.
This means that ωM is a connection form on M
O
0 and
λMO(XM) = (HO, XM) = µO(X).
Let us consider the function fλMO :M → g
∗, defined by the condition that
fλMO (X) = λ
MO(XM).
Then it is easy to see that
〈fλMO , µO〉 =
m∑
i=1
µO(Ei)((Ei)M , HO) = (HO, HO) ≥ 0.
On MO0 we have
dXλ
MO = −i(µO, X) + dλ
MO = −i(µO, X) + (µ, dωM)− (ωM , dµ).
Thus we have∫
g
ΘO0 (X)Φ(X)dX =
∫
MO
0
∫
g
eit(µ,X)−it(µ,dωM )+it(ωM ,dµ)α(X)Φ(X)dX.
Let ε > 0 be a small number. Let us consider a small tubular neighborhood
MOε of the orbit O,
MO0 = {x ∈M
O; ‖µO(x)‖ < ε}
and let
χO(m) :=
{
1 ∀m ∈MOε/2
0 ∀m /∈MOε/2
to be the cut-off function. Then
lim
ε→0
∫
MO
0
(1− χO(m))(
∫
g
eitdXλ
MOα(X)Φ(X)) = 0.
Let us denote β(X) := α(X)Φ(X) ∈ C∞cpt(g,A(MO)). Then we have∫
g
e−itdXλ
MOα(X)Φ(X) =
∫
g
eit(µ,X)e−itdλ
MOα(X)Φ(X)dX = e−itdλ
MO β̂(tµO),
where β̂ is, by definition, the Fourier transform of β = α.Φ. Because β is of
compact support, its Fourier transform β̂ is of Schwartz class and because
e−itdλ
MO is polynomial on t, we have
lim
t→∞
∫
MO
0
(1− χO(m)(
∫
g
e−itdλ
MOα(X)Φ(X)dX) = 0.
Because on the support of the function 1 − χO, one has the estimate
‖µO(m)‖ ≥
1
2
ε, then
lim
t→∞
∫
MO
0
((
∫
g
e−itdλ
MOα(X)Φ(X)dX) =
= lim
t→∞
∫
MOε
χO(m)(
∫
g
e−itdλ
MOα(X)Φ(X)dX).
Choose NO = PO×g∗ and let ωO = ω
O
M |PO , then ωO is a connection form on
PO. Choose ε sufficiently small, then MOε
∼= open set of NO = PO × g∗.
Thus the map µO : N
O → g∗ becomes the projection (x, ξ) 7→ ξ. This
isomorphism is identity on PO. Because χO has compact support contained
in MOε , we can consider the integral∫
MOε
χO(m)(
∫
g
e−itdλ
MOα(X)Φ(X)dX)
as an integral over NO and still denote ωMO for the 1-form corresponding to
ωMO and ω
M
O |PO = ωO. We have thus
lim
t→∞
∫
MO
0
(
∫
MOε
χO(m)(
∫
g
e−itdλ
MOα(X)Φ(X)dX) =
= lim
t→∞
χO(m)(
∫
g
eit(ξ,X)eit(ω
M
O ,dξ)−it(ξ,dω
M
O )α(X)Φ(X)dX).
By the same reason as above, there exist polynomials Pk(tξ, tdξ) in ξ
1, . . . , ξm,
dξ1, . . . , dξm such that
eit(ω
M
O ,dξ)−it(ξ,dω
M
O )=
∑
m
k=1
Pk(tξ,tdξ)µk ,
where µk are differential forms on N
O, independent of t. Denote
νk := χOµk ∧ α(X)Φ(X),
we have to study the integrals of type∫
NO
(
∫
g
eit(ξ,X)Pk(tξ, tdξ)νk(X)dX).
We denote ν0 = ν(X)|PO , then the map X 7→ ν0(X) is an element in the
class C∞0 (g,A(P
O)). Its Fourier transform ν̂0(ξ) = ν̂0(X)(ξ) as differential
forms on NO = PO × g∗. It was shown that if G(ξ, dξ) is a polynomial,
then for all ν ∈ C∞0 (g,Acpt(N
O)),
lim
t→∞
∫
NO
(
∫
g
eit(ξ,X)G(tξ, tdξ))ν(X)dX =
∫
NO
G(ξ, dξ)ν̂0(ξ).
Because χO|PO ≡ 0, ω
M
O |PO = ωO, we have
lim
t→∞
∫
NO
χO(m)(
∫
g
eit(ξ,X)eit(ω
M
O ,dξ)−it(ξ,dω
M
O )α(X)Φ(X)dX) =
=
∫
NO
ei(ω,dξ)−i(ξ,dω)Φ̂α0(ξ) =
∫
NO
∫
g
e−idXλ
MOα0(X)Φ(X)dX,
see ([1],Lemma 21). We have seen that∫
g
ΘO0 (X)Φ(X)dX =
∫
NO
∫
g
e−itdXλ
MOα0(X)Φ(X)dX.
Let us now prove that∫
NO
∫
g
e−itdXλ
MOα0(X)Φ(X)dX = (2pii)
dimG
∫
PO
αOred
∫
Φ(Ω) ∧ volω .
Indeed, first we have∫
NO
∫
g
e−itdXλ
MOα0(X)Φ(X)dX =
=
∫
PO
αOred(
∫
NO/PO
∫
g
e−idXλ
MOα0(X)Φ(X)dX),
with
e−idXλ
MO = ei(ξ,X)e−i(dω,ξ)+i(ω,dξ).
Remark that its term of maximal degree in dξ is cdξ1 . . . dξm ∧ volω, where
c = inε and ε = (−1)n(n+1)/2 is a sign. Recall also that Ω = dω + 1
2
[ω, ω] is
the curvature of the connection form ω = ωMO . Because ωi ∧ volω = 0, ∀i,
we have
e−i(dω,ξ) ∧ volω = e
−i(Ω,ξ) ∧ volω
and then ∫
NO/PO
∫
g
e−itdXλ
MOα0(X)Φ(X)dX =
= c
∫
MO/PO
e−i(dω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX)dξ volω
= c
∫
NO/PO
e−i(Ω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX)dξ volω .
Following the Fourier inverse formula, we have∫
NO/PO
e−i(Ω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX) = (2pi)nΦ(Ω).
The last integral is therefore equal
(2pii)nΦ(Ω) ∧ volω .
The proof is therefore achieved.
Remark 2.11. By the same way as preceded in [6], we can deduce the
Jeffrey-Kirwan formula 2.4 and the outer term formula.
We finish the proof of our main theorem in this section by using together
the local Fourier transform and the universal orbital formula for characters
by Kirillov. By the Jeffrey-Kirwan-Witten localization theorem, we have∫
g
ΘO0 (X)Φ(X)dX = (2pii)
dimG
∫
PO
αOredΦ(Ω) ∧ volω
= inε
∫
NO/PO
e−i(Ω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX)dξ volω .
By the Kirillov universal trace formula, we have
(2pi)nΦ(Ω) =
∫
NO/PO
e−i(Ω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX) =
∫
g∗
e−i(Ω,ξ)(
∫
g
ei(ξ,X)Φ(X)dX)
=
∫
g∗/G
dP (O)
∫
O
(
∫
g
ei(ξ,X)J−1/2g (X)Φ(X)dX)dβO(ξ),
where P (O) is the Planchere`l measure on g∗/G and βO(ξ) is the Liou-
ville measure on the orbit O. The proof of the main theorem is therefore
achieved.
Let us now apply the construction of Chern-Weil homomorphism to our
case of MO0 . Let A(M
O
0 ) be the algebra of differential forms over B = M
O
0 .
There is the natural principal bundle G −→ PO −→ MO0 , with connection
1-form ω = σOg with curvature Ω = dω+
1
2
[ω, ω] ∈ A2(PO, g)G. The decom-
position TPO = ThP
O + TvP
O of the tangent bundle TPO into the sum
of horizontal and vertical components, ThP
O = ker(ω). The vertical sub-
bundle TvP
O determines a projection h from A(PO) onto the sub-algebra
of horizontal forms
A(PO)hor = {α ∈ A(P
O) | ı(X)α = 0, ∀X ∈ g}.
With respect to a basis E1, . . . , En of g, we can write
ω =
n∑
i=1
ωiEi and Ω =
n∑
i=1
ΩiEi,
where ωi ∈ A1(PO)hor and Ω
i ∈ A2(PO)hor and the projector h can be
written as
h =
n∏
i=1
(I − ωiı(Ei) =
∑
1≤i1<···<ir
ωi1 . . . ωir ı(Ei1) . . . ı(Eir),
see for example ([1], Lemma 7.30). If V = Eρ(V ) = P
O ×G V is an vec-
tor bundle, associated with a representation ρ, with the associated affine
connection, or equivalently, a covariant derivation ∇V , then
∇Vα = dα+
n∑
i=1
ωiρ(Ei)α.
It is easy to see that the basic differential forms over PO are just the
ordinary differential forms on B = MO0 = G \ P
O, A(PO) ∼= A(MO0 ),
A(PO)bas ∼= A(M
O
0 );
the same for V-valued differential forms
A(PO,V) = A(PO, V )bas ∼= A(M
O
0 )⊗C V.
If α ∈ A(PO,V) then hα = α. This means that h acts as the identity op-
erator on A(PO,V) = A(PO, V )bas and d conserves this subspace of forms.
We have
ı(X)dα = (Lie(X)⊗ I)α = −ρ(X)α,
then
ı(Ei)ı(Ej)dα ≡ 0, ∀Ei, Ej .
Thus,
h(dhα) = h(dα) = ∇Vα.
It is easy to see ([1], Proposition 7.32) that the covariant derivation ∇V
on V coincides with the restriction of D ⊗ I on A(PO, V ) to the subspace
A(PO,V) := A(PO, V )bas, where
D := hdh = h(d−
n∑
i=1
Ωiı(Ei))
on A(PO).
If M is a G-manifold, denote M = PO ×G M the associated fibration.
One has
A(M) ∼= A(PO ×G M)bas =
= {α ∈ A(PO ×M) | α is basic w.r.t. the action of G},
ı(X) := ı(XPO×M) = ı(XPO) + ı(XM),
h : A(PO ×M)→ A(PO ×M)bas is given by
h =
m∏
i=1
(I − ωiı(Xi)),
D = h.d.h|A(M) = h.d.h|A(PO×M)bas = dM.
Let us consider the complex (C[g] ⊗ A(M), dg). We correspond to each
element α = f ⊗ β the element α(Ω) := f(Ω)⊗ β ∈ A(PO) ⊗A(M). One
defines thus the so called Chern-Weil homomorphism
W = Φω : C[g]⊗A(M)→ A(P
O ×M)hor,
W = Φω(α) := h(α(Ω)).
It was shown ([1],Theorem 7.34) that if G is a Lie group, G −→ PO −→
MO0 is the principal bundle with connection ω = σ
O
red and the curvature
Ω = dω + 1
2
[ω, ω] and M is a smooth G-manifold, then the Chern-Weil
homomorphism induces a homomorphism of the complexes of differential
graded algebras
(AG(M), dg) = ((C[g]⊗A(M))
G, dg)→ (A(M), d).
In particular, if M = {pt} is a point, we obtain the classical Chern-Weil
homomorphism
W = Φω : C[g]
G → A(MO0 ).
If M = V is a vector G-space, we have Chern-Weil homomorphism for
induced vector bundle
W = Φω : f ⊗ v 7→ f(Ω)⊗ v,
which is a homomorphism from G-equivariant K-groups to the even de
Rham cohomologie ⊕∗H
2∗
DR(M
O
0 ;R).
We can now reformulate the main result as what follows.
Theorem 2.12. If Φ is an G-invariant, then∫
g
ΘO0 (X)Φ(X)dX = (2pii)
dimG vol(G)
∫
MO
red
αredW (Φ),
where W : C∞(g)G → H∗(MOred) is the Chern-Weil homomorphism, associ-
ated to the principal fibration µ−1(O)→MOred.
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